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1. Introduction
An undirected graph G = (V , E) is an interval graph if and only if it is the intersection graph of a family of intervals on
the real line [5–7]. For a graph G, its boxicity box (G) is the minimum positive integer b such that G can be represented as
the intersection graph of axis-parallel b-dimensional boxes [9].
A Ferrers digraphD = (V , E) is a directed graph (for short, digraph)whose successor sets are linearly ordered by inclusion,
where the successor set of v ∈ V is its set of out-neighbors {u ∈ V | vu ∈ E} [4,8]. Every digraph D is the intersection of a
finite number of Ferrers digraphs and the minimum such number is its Ferrers dimension [1,2], which is denoted by dF (D). It
is known [8] that a digraph D is a Ferrers digraph if and only if its adjacency matrix does not contain any 2× 2 permutation
matrix (called a couple):(
1 0
0 1
)
or
(
0 1
1 0
)
.
In [1], Cogis defined an undirected graph H(D), associated with a digraph D, whose vertices correspond to the 0’s of the
adjacency matrix of D and two such vertices are joined by an edge if and only if the corresponding 0’s belong to a couple. It
follows that dF (D) > n whenever H(D) contains Kn. In fact, dF (D) = n if H(D) = Kn, as dF (D) cannot exceed the number of
0’s of the adjacency matrix of D.
Let G = (V , E) be a graph (directed or undirected). We denote the adjacency matrix of G by A(G). For convenience, an
entry of A(G) corresponding to, say, the vertex ui ∈ V in the row and the vertex vj ∈ V in the column will be denoted by,
simply, uivj. The graph whose adjacency matrix is obtained by interchanging 0’s and 1’s of A(G) will be denoted by G. Note
that if G has loops at all vertices (i.e., all principal diagonal elements of A(G) are 1), then G is a graph without loops (i.e., all
principal diagonal elements of A(G) are 0) and vice versa. Again for a digraph Dwith adjacency matrix A(D), we denote the
digraph whose adjacency matrix is A(D)T (the transpose of the matrix A(D)) by DT .
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Fig. 1. The adjacency matrix of F̂ .
An irreflexive relation ≺ on a set X is an interval order relation if (a ≺ x, b ≺ y) H⇒ (a ≺ y or b ≺ x) for
all a, b, x, y ∈ X [3]. We call a transitive digraph D = (V , E) without a loop at any vertex an interval order digraph if
a, b, x, y ∈ V , ax, by ∈ E H⇒ ay or bx ∈ E. For an undirected graph G, denote the corresponding (symmetric) digraph with
the same adjacency matrix as that of G by D(G).
Observation 1.1. Let G be an undirected graph (with a loop at every vertex). Then G is an interval graph if and only if there exists
a Ferrers digraph F (with a loop at every vertex) such that D(G) = F ∩ F T .
Proof. It follows from the results of [3] that G is an interval graph if and only if there exists an interval order digraph D such
that D(G) = D∩DT and interval order digraphs are equivalent to loopless Ferrers digraphs. So D = F1, where F1 is a loopless
Ferrers digraph. Then D = F1 = F (say) is also a Ferrers digraph with a loop at every vertex and D(G) = F ∩ F T . 
A bipartite graph (for short, bigraph) B(X, Y , E) is an interval bigraph if there exist a family F = {Iv : v ∈ X ∪ Y } of real
intervals such that uv ∈ E (u ∈ X, v ∈ Y ) if and only if Iu∩Iv 6= ∅ [10]. The submatrix of the adjacencymatrix of B consisting
of the rows corresponding to one partite set and the columns corresponding to the other is known as the biadjacency matrix
of B. A bigraph whose biadjacency matrix is the adjacency matrix of a digraph corresponds to the digraph. The bigraph
corresponding to a Ferrers digraph is known as the Ferrers bigraph and the Ferrers dimension, say, dF (B), of a bigraph B is the
minimumnumber of Ferrers bigraphs whose intersection is B. Nowwe shall observe an interesting relation between Ferrers
bigraphs and interval graphs.
Definition 1.2. Let B be a bigraphwith biadjacencymatrix A. Then the graphwith the following adjacencymatrix is denoted
by B̂:
1 A
AT 1
Clearly the graph B̂ is obtained from the bigraph B by joining edges so that the partite sets of B become cliques and by adding
loops at all vertices.
Let M be a symmetric (0, 1)matrix with 1’s in the principal diagonal. Then M is said to satisfy the quasi-linear property
for ones if 1’s are consecutive right to and below the principal diagonal. It follows from the results of [10] that an undirected
graph G (with a loop at every vertex) is an interval graph if and only if rows and columns of A(G) can be suitably permuted
(using the same permutation for rows and columns) in such a way that it satisfies the quasi-linear property for ones.
Observation 1.3. A bigraph B is a Ferrers bigraph if and only if B̂ is a (two-clique) interval graph.
Proof. If F = (U, V , E) is a Ferrers bigraph, then F̂ is an interval graph (with a loop at every vertex), as its adjacency matrix
has the quasi-linear property for ones (cf. Fig. 1). Also vertices of F̂ are covered by two disjoint cliques. We call such an
interval graph a two-clique interval graph. Thus for every Ferrers bigraph F , F̂ is a two-clique interval graph.
Conversely, consider a two-clique interval graph Gwhose vertices are covered by two disjoint cliques, say X and Y . Since
G is an interval graph, its maximal cliques are consecutively ordered. Let {C1, C2, . . . , Cn} be a consecutive linear ordering of
maximal cliques. Certainly X and Y are contained in two of them, say Ci and Cj respectively. Without loss of generality we
may assume i < j, for otherwise we can interchange X and Y . Now since X and Y are disjoint and their union covers all the
vertices, we have i = 1, j = n and X = C1, Y = Cn. For if i > 1, then there exists a vertex u in C1 which is not in Ci as C1
and Ci are distinct maximal cliques. Then u 6∈ X and hence u ∈ Y ⊆ Cj. So u ∈ C1, u ∈ Cj but u 6∈ Ci, where 1 < i < j. This
contradicts the above consecutive ordering of maximal cliques. Thus i = 1. Similarly, j = n. Further since X ∪ Y covers all
the vertices, we have X = C1 and Y = Cn.
Assign (closed) intervals Iv to each vertex v according to its first and last appearance in the above sequence of maximal
cliques and arrange all the vertices of G in its adjacency matrix according to the lexicographic ordering (i.e., Ix = [a, b] 6
Iy = [c, d] ⇐⇒ a 6 c or a = c, b 6 d) of their corresponding intervals. Thus the adjacency matrix of G (with a loop at
every vertex) takes the following form:
X Y
X 1 A
Y AT 1
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Moreover, in this matrix, xiyj = 0 if and only if Ixi < Iyj which gives us xiyj = 0 H⇒ xiyk = 0 for all k > j and xryj = 0
for all r 6 i. That is in each row of the submatrix A, every 0 has only 0 to its right and above. What this says is nothing but
the bigraph corresponding to the biadjacency matrix A is a Ferrers bigraph. 
In this note, we relate the two concepts – one corresponding to undirected graphs and the other to directed graphs –
those of boxicity and Ferrers dimension respectively.
2. Relating boxicity with Ferrers dimension
An application to Observation 1.1 leads to the following theorem.
Theorem 2.1. Let G be an undirected graph with a loop at every vertex. Then there exists a digraph D such that G = D∩ DT and
box (G) = dF (D). In general, box (G) 6 dF (D) for any digraph D such that G = D ∩ DT . Consequently,
box (G) = min {dF (D) | G = D ∩ DT for some digraph D} .
Proof. Let n = box (G). Then G = G1 ∩ G2 ∩ · · · ∩ Gn, where each Gi is an interval graph with a loop at every vertex for
i = 1, 2, . . . , n. Also by Observation 1.1, for each i = 1, 2, . . . , n, Gi = Fi ∩ FiT for some Ferrers digraph Fi (with a loop
at every vertex). Then G = D ∩ DT , where D = F1 ∩ F2 ∩ · · · ∩ Fn. As D can be expressed as the intersection of n Ferrers
digraphs, dF (D) ≤ n. We show that dF (D) is exactly equal to n. If possible, let dF (D) = m where m < n. Then there exist
Ferrers digraphs F ′i , for i = 1, 2, . . . ,m, for which D = F ′1 ∩ F ′2 ∩ · · · ∩ F ′m. Now G = D ∩ DT = G′1 ∩ G′2 ∩ · · · ∩ G′m, where
G′i = F ′i ∩ F ′i T for i = 1, 2, . . . ,m. Again since the graph G has loops at all the vertices and G = D ∩ DT , the digraph D, and
hence each F ′i , also has loops at all its vertices. Then by Observation 1.1, each G
′
i is an interval graph. So G can be expressed
as the intersection ofm interval graphs, wherem < n, contrary to the fact that the boxicity of G is n. Hence dF (D) = n.
Moreover from the above deduction, it follows that, whenever G = D∩DT for some digraph D, we have box (G) 6 dF (D).
This completes the proof. 
On the other hand the following is a consequence of Observation 1.3:
Theorem 2.2. Let B be a bipartite graph. Then dF (B) = box (̂B).
Proof. Suppose the bigraph B is of Ferrers dimension m. Then B = F1 ∩ F2 ∩ · · · ∩ Fm for some Ferrers bigraphs
Fi, (i = 1, 2, . . . ,m) which implies B̂ = F̂1 ∩ F̂2 ∩ · · · ∩ F̂m. Since each F̂i is an interval graph by Observation 1.3, we
have n 6 m if the graph B̂ has boxicity n.
Conversely, if n is the boxicity of B̂, then B̂ = G1 ∩ G2 ∩ · · · ∩ Gn where each Gj is an interval graph. Also since their
intersection (the graph B̂) has two cliques covering all the vertices, each Gj also contains the same cliques for those vertices,
i.e., each of them is a two-clique interval graph and the two cliques consist of the partite sets of B. Thus it follows from
Observation 1.3 that B is the intersection of n Ferrers bigraphs, F1, F2, . . . , Fn, such that F̂j = Gj for all j = 1, 2, . . . , n.
Thereforem 6 n, as required. 
As an immediate consequence of the above theoremwe obtain certain characterizations of bigraphs of Ferrers dimension
2 and interval bigraphs.
Corollary 2.3. A bipartite graph B is of Ferrers dimension at most 2 if and only if B̂ is a two-clique rectangular graph. 1
Corollary 2.4. A bipartite graph B is an interval bigraph if and only if B̂ is a two-clique rectangular graph such that there is a
rectangular representation of B̂ in which for every pair of rectangles, their projections intersect on at least one of the axes.
Proof. The proof follows from the fact that
B is an interval bigraph
⇐⇒ B = F1 ∩ F2 where F1 and F2 are two Ferrers bigraphs whose union is complete [10]
⇐⇒ B̂ = F̂1 ∩ F̂2 for two Ferrers bigraphs F1, F2 with F̂1 ∪ F̂2 complete
⇐⇒ B̂ = G1 ∩ G2 where G1 and G2 are (two-clique) interval graphs whose union is complete. 
Theorem 2.5. Let G be an undirected graph (with a loop at every vertex) such that box (G) = b > 1. Let D(G) be the
corresponding digraph with the same adjacency matrix as G and k = dF (D(G)). Then
k
2
≤ b ≤ (k− 1),
and the bounds are tight.
1 A rectangular graph is an intersection graph of rectangles inR2 . A two-clique rectangular graph is a rectangular graph whose vertices are covered by two
disjoint cliques.
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Proof. Since b = box (G), G can be expressed as G = G1∩G2∩· · ·∩Gb, where each Gi is an interval graph and so Gi = Fi∩F Ti
for some Ferrers digraphs (with a loop at every vertex) Fi, i = 1, 2, . . . , b. ThenD(G) = (F1∩F1T )∩(F2∩F2T )∩· · ·∩(Fb∩FbT )
which implies k = dF (D(G)) 6 2b, i.e., k2 6 b. The limit is reached in the case of G = C4 as box (C4) = 2 and from the
following adjacency matrix of D = D(C4) it is clear that H(D) = K4 and hence dF (D(C4)) = 4.
a b c d
a 1 1 1 0
b 1 1 0 1
c 1 0 1 1
d 0 1 1 1
As for the upper bound, let dF (D(G)) = k. Then D = D(G) = F1 ∩ F2 ∩ · · · ∩ Fk. Since D is symmetric, D = DT = D∩DT =
D(G) = (F1∩F2∩· · ·∩Fk)∩(F1T ∩F2T ∩· · ·∩FkT ) = (F1∩F1T )∩(F2∩F2T )∩· · ·∩(Fk∩FkT ). Now F Tk ⊇ D = F1∩F2∩· · ·∩Fk.
Now Fk and F Tk have no common zero as Fk is a Ferrers digraph. Also since Fk has loops at all its vertices, Fk ∪ F Tk is complete.
Moreover since Fk and F Tk have no common elements except self-loops, we have F
T
k ⊇ F1 ∩ F2 ∩ · · · ∩ Fk−1 which implies
Fk ⊇ F1T ∩ F2T ∩· · ·∩ Fk−1T . Thus G = (F1∩ F1T )∩ (F2∩ F2T )∩· · ·∩ (Fk−1∩ Fk−1T ) = G1∩G2∩· · ·∩Gk−1 where Gi = Fi∩ F Ti
for i = 1, 2, . . . , k− 1. Since each Fi has a loop at every vertex, we have that each Gi is an interval graph by Observation 1.1.
Therefore box (G) 6 k− 1.
This limit is reached for G = C6 (the cycle of length 6). Since C6 is not an interval graph, but it can be easily obtained as
an intersection graph of two-dimensional boxes, we have box (C6) = 2. Now D(C6) = F1 ∩ F2 ∩ F3 where Fi, i = 1, 2, 3, are
Ferrers digraphs as represented below:
a b c d e f
a 1 1 0 0 0 1
b 1 1 1 0 0 0
c 0 1 1 1 0 0
d 0 0 1 1 1 0
e 0 0 0 1 1 1
f 1 0 0 0 1 1
=
a b f c e d
a 1 1 1 0 0 0
b 1 1 1 1 0 0
f 1 1 1 1 1 0
c 1 1 1 1 1 1
e 1 1 1 1 1 1
d 1 1 1 1 1 1
⋂
c d b e a f
c 1 1 1 0 0 0
d 1 1 1 1 0 0
b 1 1 1 1 1 0
e 1 1 1 1 1 1
a 1 1 1 1 1 1
f 1 1 1 1 1 1
⋂
b c a d f e
b 1 1 1 1 1 1
c 1 1 1 1 1 1
a 1 1 1 1 1 1
d 0 1 1 1 1 1
f 0 0 1 1 1 1
e 0 0 0 1 1 1
So dF (D(C6)) 6 3. Again H(M) = K3, whereM is the following submatrix of A(D(C6)):
b f d
a 1 1 0
M = c 1 0 1
e 0 1 1
Therefore dF (D(C6)) > 3 and hence dF (D(C6)) = 3, as required. 
In [9], Roberts proved that the maximum boxicity of all graphs with n vertices is
⌊ n
2
⌋
, where bxc is the greatest integer
less than or equal to x. By Theorem 2.5 we get that the maximum Ferrers dimension of all symmetric digraphs which have
loops at all vertices is at most 2
⌊ n
2
⌋
, i.e., n for n even and n−1 for n odd. In fact, these bounds are attained for the following
digraphs D1 and D2 respectively:
For even n, consider the digraph D1 with n vertices and A(D1) = (aij)n×n, where
aij =
{
0, if j = n+ 1− i
1, otherwise.
We have H(D1) = Kn and so dF (D1) = n.
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For odd n, we consider the digraph D2 with n vertices and A(D2) = (aij)n×n, where
aij =
{
0, if j = n+ 1− i, i 6= n+ 1
2
1, otherwise.
In this case H(D2) = Kn−1 and so dF (D2) = n− 1.
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